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Kuroda’s Identity for Mixed Lumped and
Distributed Circuits and Their Application
to Nonuniform Transmission Lines

KUNIKATSU KOBAYASHI, YOSHIAKI NEMOTO, MEMBER IEEE,
AND RISABURO SATO, FELLOW IEEE

Abstract— Kuroda’s identities, which are used in analysis and synthesis
of distributed transmission line circuits, may be applied to mixed lumped
and distributed circuits. It is shown that circuits consisting of cascade
comnections of lumped reactances and uniform transmission lines are
equivalent to circuits consisting of a cascade connection of nonuniform
transmission lines, lumped reactances, and ideal transformers. Moreover,
by using these equivalent transformations, network functions of some
nonuniform transmission lines can be derived exactly.

I. INTRODUCTION

T IS WELL KNOWN that Kuroda’s identities are very

significant in analysis and synthesis of distributed trans-
mission line circuits [1]-[8]. Many design methods for
filters, matching sections, and other circuits have been
obtained using Kuroda’s identities. On the other hand,
many articles have discussed the analysis and synthesis of
nonuniform transmission lines [9]-[15], and it is well
known that it is quite difficult to find the exact network
functions of general nonuniform transmission lines from
the telegrapher’s equation.

In this paper, we apply Kuroda’s identities to mixed
lumped and distributed circuits and show that the equiva-
lent circuits of a class of nonuniform transmission lines
can be represented with mixed lumped and distributed
circuits. Namely, Kuroda’s identities are applied to cir-
cuits consisting of a cascade connection of lumped reac-
tance elements and unit element (UE) as the limit case.
Then, we can show that a class of nonuniform transmis-
sion lines, whose characteristic impedance distributions
obey the binomial form, can be represented with circuits
consisting of a cascade connection of lumped reactance
elements, an UE and an ideal transformer. By repeating a
similar procedure, it can be shown that the equivalent
circuits of some nonuniform transmission lines are also
expressed as mixed lumped and distributed circuits. This
method may be useful to find exact solutions for nonuni-
form transmission lines. Finally, we apply these nonuni-
form transmission lines to impedance transformers.
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Kuroda’s identity for the series single open stub.

Fig. 1.

II. KURODA’S IDENTITIES FOR MIXED LUMPED AND
DISTRIBUTED CIRCUITS

Kuroda’s identities can be applied n-times (n:integer) to
the circuit shown in Fig. 1 (a), where line length and the
characteristic admittance of the single open stub are //n
and C, respectively, and line length and the characteristic
impedance of the lossless uniform transmission line (UE)
are / and W. The transformed circuit is one consisting of a
cascade connection of UE’s with line length //n, a single
open stub and an ideal transformer as shown in Fig. 1(b).
The element values of the transformed circuit are given as
follows:

_plewi=1)(Ccw+i)

W, (i=1’27°"\’n) (1)
(cw)y’
c*w
" n+CW @)
n+CW
my=—Cpr - 3)
Set
C=nGC,. G))
By substituting (4) in (1)-(3), we get
(C0W+ ———’;1 )(C0W+ i)
W,=W — (i=1,2,---,n)
(GW)
(5)
nC}w
G= 1+ CW . ©)
1+CW _
m, = W =m. (7)

The characteristic impedances W, of the UE’s are discrete
values increasing monotonically. Here, we define the dis-

0018-9480/81/0200-0081$00.75 ©1981 IEEE



82 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-29, NO. 2, FEBRUARY 1981

-1 it (n-1)% nt
¢ ¥ % " Tm “w  n

X
Fig. 2. The coordinates of the distance x.
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Fig. 3. Application of Kuroda’s identity to the mixed lumped and
distributed circuit.

crete coordinates of the distance x as shown in Fig. 2,
then the coordinates x of the ith UE of the transformed
circuit is given as follows:

= %1. (8)

By substituting (8) in (5) and proceeding to the limit
n—oo in such a way that C—o0 but C, remains finite,
then we obtain

lim W,
n—o0

1
w1+ s X =0 O
W{(x) is the characteristic impedance distribution of the
parabolic tapered transmission line. Namely, if Kuroda’s
identity are applied a number of times (n—cc), the char-
acteristic impedance distribution of the transformed cir-
cuit turns from a discrete function of the distance x into a
continuous function. Under this condition, the admittance
y and Y of the single open stubs shown in Fig. 1(a) and
(b), respectively, yield

C,!
lim y= lim [anOtan%}=jCoﬁl=jw—:“ (10)

n—oc n—>co
, . Bl
1 —
n—1—>nolo Y nlg{olo !:J 1+ COWtan n
caGw Cowi
=j I=jo— 11
BT T i oo (n

where B is the phase constant, w is the angular frequency,
and » is the velocity of light. The single open stubs
become lumped capacitors. Thus when Kuroda’s identities
are applied to the mixed lumped and distributed circuit
shown in Fig. 3(a), the circuit of Fig. 3(b) consisting of a
cascade connection of a parabolic tapered transmission
line, a series lumped capacitor and an ideal transformer is
obtained as an exact equivalent circuit. It may be shown
also that the equivalent circuit of the parabolic tapered
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Fig. 5. Kuroda’s identity for the shunt single short stub.

w

transmission line can be expressed as the mixed lumped
and distributed circuit shown in Fig. 4(b).

In the same manner, we can apply Kuroda’s identity to
the circuit shown in Fig. 5(a) n-times and obtain the
circuit shown in Fig. 5(b), where L and L, are the char-
acteristic impedances of the single short stubs whose line
lengths are //n. The element values of the transformed
circuit are given as follows:

L’*w

W= '=1’2’...,
Sl omaemy ¢ ")
(12)
L2
L,= L+nW (13)
m,= 2 (14)
We set

L=nL,. (15)

By substituting (8) and (15) in (12) and allowing n to
approach infinity, we obtain the following characteristic
impedance distribution:

w
m W, = =W(x). (16)
n—»o0 w 2
1+ —X
( L, l)

The single short stubs become lumped inductances with
impedances given as follows:

Lol
lim z= lim [jnLotanﬁ]=jLo,Bl=jw—-o— (17)
n—>co n—»oc n v
. nL3 Bl
lim Z= li 0 _tan=
now . novee | Lo+ W N n
L} L2l
- o 1
]L +W'Bl (Ly+W)y' (18)

Namely, Kuroda’s identity can be applied to the mixed
lumped and distributed circuit shown in Fig. 6(a) and the
transformed circuit is given in Fig. 6(b). The equivalent
circuit of the nonuniform transmission line, whose char-
acteristic impedance distribution is given in (16), is ex-
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Fig. 6. Application of Kuroda’s identity to the mixed lumped and
distributed circuit.
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Fig. 7. The nonuniform transmission line representing the reciprocal of
the quadratic function and its equivalent circuit.

pressed by the mixed lumped and distributed circuit shown
in Fig. 7 (b).
III. KURoODA’S IDENTITIES FOR MIXED LUMPED AND
NONUNIFORM DISTRIBUTED CIRCUITS

A. Second Order Binomial Form Nonuniform Transmission
Lines

We apply Kuroda’s identity to the circuit shown in Fig,
8(a) n-times, then obtain the circuit shown in Fig. 8(b).
The values of the characteristic impedances W, of the
circuit shown in Fig. 8(a) are given in (1) and the element
values of the transformed circuit are given as follows:

.1 i, :
k,_1+zi§lm_1+LCzW{g(J+1)(2J+1)
+ %(j+ DQRCW—1) +jCW(CW— 1)}

(j=192s"'sn) (19)

Z Y (j=12 ) (20)
L= j= 32,000, n
Tokik;
L
Ln - k_n (21)
We set
L=nL, C=nC,. (22)

By substituting (8) and (22) in (20) and taking the limit
n—o0 as previously, we obtain

1 x 2
14— X
W( coWl)

{1+ L—u(/,(z{l-)-'- L:co(%)z“L?L'oéWV(%)s}.
=Z(x). (23)

When 7n approaches infinity, the circuit shown in Fig. 8(a)
becomes one constructed as a cascade connection of a

Fig. 8. Kuroda’s identity for the shunt single short stub.
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Fig. 9. Application of Kuroda’s identity to the mixed lumped and
nonuniform-distributed circuit.
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Fig. 10. The equivalent circuit of the nonuniform transmission line
whose characteristic impedance distribution is given in (23).

shunt lumped inductance and the parabolic tapered trans-
mission line shown in Fig. 9(a), where W(x) is the same
as (9), and the circuit shown in Fig. 8(b) becomes one in
Fig. 9(b). In Fig. 9(b), Z(x) is the characteristic imped-
ance distribution of the nonuniform transmission line and
is given in (23), where the transformation ratio k£ and a
lumped inductance L, are given as follows:

W 1 1

k=1+—+ + 24
Ly LG 3LCEW 24

S 1Ly
Ly=7—F. (25)

The equivalent circuit of the nonuniform transmission
line, whose characteristic impedance distribution is given
by Z(x), is expressed as the mixed lumped and distrib-
uted circuit shown in Fig. 10, where

Col k Lyl

C,=m—>  Ly=—"—"-
a b m2 v

1
= . (26
m=1+ oW " (26)

If the relation between the lumped capacitor C,//» and
the lumped inductance Ly//v is given by
3 Ly/ Col
=2
w v v

the characteristic impedance distribution Z(x) of (23)
becomes equal to the 4th order binomial form

w
Z(x)= 1 "
X
(1 rew i )
It is quite difficult to solve the telegrapher’s equation of
the nonuniform transmission line with Z(x) in (23). But,
by using Kuroda’s identities described here, the exact

network function can be easily obtained from the equiva-
lent circuit shown in Fig. 10.

@7

(28)
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Fig. 11. Kuroda’s identity for the mixed lumped and nonuniform-

distributed circuit.

Fig. 12, The equivalent circuit of the nonuniform transmission line
whose characteristic impedance distribution is given in (29).

Similarly, Kuroda’s identity can be applied to a circuit
consisting of a cascade connection of a series lumped
capacitor and the nonuniform transmission line whose
characteristic impedance distribution is given in (16) (see
Fig. 11(a)). The transformed circuit consists of a cascade
connection of a nonuniform transmission line, whose
characteristic impedance distribution is Z’(x), a series
lumped capacitor, and an ideal transformer shown in Fig.

11(b), where
2
L x, L (xy, W (xy
i g5+ e () s (3
Z'(x)= .
7 X
(”Lol)
(29)
and
1 1 w
k=14 + + 30
CoW LG 3LIC, (30)

Therefore, the equivalent circuit of this nonuniform trans-
mission line with Z’(x) is expressed by the mixed lumped
and distributed circuit shown in Fig. 12, where

Lyl k Gyl

w
= —_— =m—— = ——, 1
m=l+1-  L,=m= C=——5 6D
Additionally, if the following relation is satisfied:
Gl 1 Lyl
W T W (32)

then the characteristic impedance distribution Z’(x) be-
comes the 4th order binomial form

z'(x)=w(1+z"f

B. Nonuniform Transmission Lines with Z(x ) and Z'(x)

§)4. (33)

We may apply Kuroda’s identity to a circuit consisting
of a cascade connection of a series lumped capacitor and
a nonuniform transmission line whose characteristic im-

Fig. 13 Kuroda’s identity for the mixed lumped and nonuniform-
distributed circuit.
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Fig. 14. The equivalent circuit of the nonuniform transmission line
whose characteristic impedance distribution is given in (34).

pedance distribution Z(x) is given in (23) (see Fig. 13(a)).
The transformed circuit is given in Fig. 13(b), where a
characteristic impedance distribution X(x) of a nonuni-
form transmission line and a transformation ratio ¢ are
given as follows:

2 5 6
e (%) + e (%)
1scgricgw Nt/ asciLicpwiN 1

W x 1 /x\2 1 X 2
I+ —4+ = =
Eivan e mm ()] e
1 w
t=l+——-—— | C W+ ——
cwa+cw)| © 3L, (1+3Gw)
+ ;2 {1+6Cw+15(Cw Y+ 15(Cw )} |
45(CoLo)

(3%)
Therefore, the equivalent circuit of the nonuniform trans-
mission line whose characteristic impedance distribution
is given in (34) is equivalent to the mixed lumped and
distributed circuit shown in Fig. 14, where

1 w 1 1
m=1+ k=14+—+ + 36
GoW Ly  GLy 3C2LW (36)
and
Col k Lyl Cyl
C=m—2 L[,="2% (- Gl gy
14 m v

In the special case where the following relatlon is satis-
fied:

(38)
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Fig. 15. Kuroda’s identity for the mixed lumped and nonuniform-
distributed circuit.
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Fig. 16. The equivalent circuit of the nonuniform transmission line
whose characteristic impedance distribution is given in (40).

then the characteristic impedance distribution X(x) of
(34) becomes equal to the 6th order binomial form

X(x)= W(1+C—W7) (39)

Similarly, we obtain the circuit shown in Fig. 15(b) as a
equivalent circuit of Fig. 15(a), where the characteristic
impedance distribution Z’(x) is given in (29), and the
characteristic impedance distribution X'(x) and a trans-
formation ratio ¢ are given as follows:

.
COIW >l( * L;CO(KI_)2+ SLTC0(§)3] /
ol )l

+ 3CiL6 ({‘V; + q}w)(%)3+ 3—L:<1:02_L0(§)4

X'(x)=w|1+

2
2 5 2 6
—zwz__(l) L(&) (40)
15L3C2Ly N 1 asL3ciry \!
w? Lgy 1 ( Lo)
=14 | 1+32
Ly(W+L,) 3CW W
L. \3
+——1—2{1+6——+15(—°) +15(—9) } .
45(LyCy) w w
(41)

The equivalent circuit of the nonuniform transmission line
defined as X'(x) is equivalent to the one shown in Fig. 16,
where

w 1 1 w
m=1+—  k=1+ + + 42
L, GW L 3L3C, “2)
angi
Lyl k Gol _m?t Lyl
La=m-—v—- Cb:;;?—l’_ LC—F . (43)
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In the special case where the following relation is applica-
ble

Ly Ly
5 W= 3C W= W (44)
then (40) simplifies as follows:
‘ w
X(x)=——"". (45)
1+ XY

We can continue this procedure for mixed lumped and
distributed circuits indefinitely. Therefore, it can be stated
that the equivalent circuits of a class of nonuniform
transmission lines are given by mixed lumped and distrib-
uted circuits, and network functions of these nonuniform
transmission lines may be easily obtained from the equiva-
lent circuits.

1V. APPLICATION TO IMPEDANCE TRANSFORMERS

We may apply the nonuniform transmission line theory
described in the preceding sections to impedance trans-
formers and compare the transmission characteristics with
the exponential transmission line. The characteristic im-
pedance distribution E(x) of the exponentlal transmission
line is expressed as

E(x)= Wexp(S%)

where 8 is a taper coefficient.

The terminations at the input and output ports are
assumed as 1 and R, respectively. We assume that the
characteristic impedances of these nonuniform transmis-
sion lines at the input and output ports are 1 and R,
respectively. Furthermore, for simplicity, the series lumped
capacitor Cy//r and the shunt lumped inductance Ly//»
shown in Fig. 12 are set to be equal. Then W(x) in (9)
and Z(x) in (29) simplify as follows:

(46)

W(x)=(1+15)2 (47)
hl
3]2 2
s L L e /141
(48)
where
h=Cy=L, (49)
Let the transformation ratio R be
R=10. (50)
Then the taper coefficient § in (46) and 4 in (47) are given
§=2.303
h=0.4625 (51)
and the value of % in (48) is given as
7=0.5080. (52)

In Fig. 17, we show the voltage standing wave ratio
(VSWR) of these nonuniform transmission lines and opti-



86 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-29, NO. 2, FEBRUARY 1981
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Fig. 17. The characteristics of VSWR of matching section.

mum taper transmission line obtained by Klopfenstein
[10]. It is seen that the nonuniform transmission line
defined by Z(x) in (48) has broader band matching
characteristics than the exponential transmission line.

V. COoONCLUSION

We have applied Kuroda’s identity to circuits consisting
of a cascade connection of a single stub with line length
I/n and an UE with line length /. By considering the limit
case (n—infinity), Kuroda’s identities are extended to the
case of mixed lumped and distributed circuits. The trans-
formed circuits consist of a cascade connection of a
nonuniform transmission line, lumped reactances, and an
ideal transformer. Therefore the equivalent circuits of
these nonuniform transmission lines may be represented
as mixed lumped and distributed circuits. Furthermore,
we applied Kuroda’s identity to mixed lumped and non-
uniform-distributed circuits and obtained the equivalent
circuits of transformed nonuniform transmission lines
whose characteristic impedance distributions are repre-

sented as rational functions of the distance x. Therefore, a
class of nonuniform transmission lines can be expressed
as mixed lumped and distributed circuits, and the network
functions of these nonuniform transmission lines can be
easily obtained from the equivalent circuits. Finally, we
applied these nonuniform transmission lines to an imped-
ance transformer and showed that the characteristics of
the nonuniform transmission line has broader band char-
acteristic than the exponential transmission line.
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